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CONTROLLABILITY

Consider w C T9 to be a nonempty open set. This is the basic geometric setting
for the interior control problem.

(i0: — A)u = F1,(x)L0.1(t), (LSch)

where f € L2((0, T) x w), For this model, we say the linear Schrodinger equation
is (exactly/null) controllable in time T > 0 if:

EXACT CONTROLLABILITY

For any initial datum u;, € L? and any target uen,g € L2, there exists
f € L2((0, T) x w) such that the solution u satisfies u|;—g = uj, and U7 = Uenq-
v

NULL CONTROLLABILITY

For any initial datum u;, € L2, there exists f € L?((0, T) x w) such that the
solution u satisfies u|;—o = uj, and u|;—7 = 0.
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OBSERVABILITY

For a homogeneous Schrodinger equation:

(i0r — A)v = 0, V|t—o = Vin (Ad)

We say a homogeneous equation above is observable in [0, T| x w if there exists a
constant C > 0 such that every solution v € C°(0, T, L?) of the homogeneous
Schrodinger equation satisfies

i
c/ /\v|2dxdt2 [Vinl - (Obs)
0 w

o

Here the inequality (Obs) is called the observability inequality for the adjoint
equation.
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HiLBERT UNIQUENESS METHOD

According to the Hilbert Uniqueness Method, the controllability is equivalent to
an observability inequality for the adjoint system.

The Schrédinger equation (LSch) is null controllable if and only if the adjoint
equation (Ad) is observable in [0, T] X w.

We define the operator R by
R:fel?(0,T)xw)— uy € L2 (1)

where u is the solution of (LSch) with u|s—7 = 0. On the other hand, we define
the operator S by

S:vpel®— vio,my(t)lu(x) € L2((0, T) x w), (2)

where v solves the adjoint equation (Ad). Therefore, the null controllability is just
the surjectivity of the operator R and the observability is just the coercivity of the
operator S.
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GEOMETRIC CONTROL CONDITION

In T¢, The so-called geometric control condition is the following one:

We say that a nonempty open subset w C T satisfies the geometric control
condition if every geodesic of T¢ eventually enters into w, which means that for
every (x,&) € T4 x S9=1, there exists some t € (0,00), such that x + t£ € w.
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(GENERAL SCHEME FOR LINEAR PROBLEMS

To prove the observability, we use the semiclassical approach. We cut off the
initial data near the frequency of size h=!. Then analyze the propagation of the
semiclassical equation:

ih@svh - h2AVh = fh, (3)

with vi|i—0 = v? = p(hD)v;, and f, € L2([0, T] x T?). For this semiclassical
equation, we have the weak observability

.
118 S [ [ e+ 1211 (WOb)

To derive the observability, we sum up the inequality for h = 2/ (Littlewood-Palay
decomposition).
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(GGENERAL SETTING

In this sequel, we consider the linear/nonlinear Schrodinger equations on tori T¢.
The associated GCC is the following one:

We say that a nonempty open subset w C T9 satisfies the geometric control
condition if every geodesic of T? eventually enters into w, which means that for
every (x,&) € T9 x SI71, there exists some t € (0,00), such that x + t€ € w.

We aim to prove the exact controllability for the following quasilinear Schrodinger
equation:

iue + Au+gi(Ju])Agi([u®))u+ g(luf)u=Ff (t,x) €[0, T]x T (4)

where g1 and g, are polynomial functions of degree > 1, vanishing at the origin.
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MAIN RESULT

Let T > 0, and suppose that w C T9 satisfies GCC. For any s > d/2 + 2, 3¢ > 0
sufficiently small s.t. for Vui,, Ueng € H® satisfying ||uin|| s + ||Uend|| s < €0 the
following holds. 3f € C([0, T], H®) with supp f(t,-) C w for any t € [0, T] and
there exists a unique solution u € C([0, T], H®) of

{ it + Au -+ g{([uP)A (&1(1u) u + ga(|u2)u = £, (NLS)

Ule=0 = Uin,

which verifies that uli—1 = Uend-
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CHOICE OF CONTROL FUNCTION

Under same assumptions, for all u;, € H* satisfying ||ujn||ns < €o the following
holds. 3f € C([0, T], H®) and there exists a unique solution u € C([0, T], H®) of

s durguPAaP el =t

Ult=0 = Uin,

which verifies that u|,—1 = 0. Furthermore, the control function verifies
Q 7 e (o, T], H);
@ x7(") =x1(-/T) € C=(R) where x1(t) =1 for t < 3 and x1(t) =0 for
t>3;
Q 0 <, € C(T9) satisfies 1,, < ¢pu <1, where w' also satisfies the
geometric control condition and w' C w. Such W' exists because that T? is
compact.
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PARALINEARIZATION

The first step is to consider a sequence of linear problems that approximates the
non-linear one. Let

U=zl F=1[F, E=[s5], 1:=1[58]
Using paraproduct, we could write (NLS) into the following form:
oU =1A(V)U + R(U)U — ixT¢, EF, (NParaEq)
where A is a self-adjoint para-differential operator. So we define the iterative
scheme as follows. Set U° =0, F® =0, and (U™, F™*1) € (C([0, T], H*))? by
letting F"*1 = £,(U")U;, and U™ solve

O U™ = 1IA(UM U™ + R(UM U™ — ix T, EF™,
U™1(0) = U, U™ (T) = 0.
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LINEAR CONTROLLABILITY

We consider the controllability of the linear problem: 0,U = iA(U)U — ixty, EF
and define the control operator

Z(U): H° = C([0, T], H%), (6)

for any U;, € H®,
F=2U)U, € C([0, T], H®

sends the initial datum U(0) = Uj, to the final target U(T) = 0. Then we need to
prove the observability for adjoint system 9,V = —1A(U)V.

—_ =

)
V)% < / reu V(D) Fadt

@ Using the similar compactness-uniqueness method, high-frequency estimates
by semi-classical defect measure, and low frequency by unique continuation.

@ Verify that Z(U) : H* — C([0, T], H*) using energy estimates
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CONTRACTION ESTIMATES AND NONLINEAR CONTROL

Suppose that s > % + 2, then for €q sufficiently small,

1£1(Uy) = Li(Un) ||l 2 (rs, 0, 11, H-2)) S I1U1 — Usll oo (o, 79,15 -2)

Based on the lemma, we prove the convergence of the sequence (U", F"), which
implies the null controllability. To recover the exact controllability, we use the
time-reversed equation.

@ What happens if we have no GCC?

e What happens if we are not in a flat geometry? With boundary?
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WAVEGUIDE SETTING: R2 x T

GEOMETRIC SETTING

Q= (Q1,2) CR?x T. Let Q; C R? be a nonempty, open, 2rZ>-invariant set.
Let Q5 C T be open and nonempty.

We consider the local controllability for

Uly=o0 = up onR?x T,

This system can fulfill local controllability.

{ i0u+ Axyut|uPu=Ff on[0, T] xR xT, @
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Thank you for your attention!
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